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ABSTRACT: This study investigates how the zonal-mean Hadley cell responds to parameterized midlatitude eddy forcing
and equatorial thermal perturbations using a minimal idealized axisymmetric single-layer model. Analytical results show
that eddy forcing flattens the meridional profiles of zonal wind and temperature near the equator, leading to higher-order
latitude dependence compared to the angular momentum–conserving (AMC) limit. Numerical simulations demonstrate
that increasing eddy strength produces a stronger and wider Hadley cell, with a smooth transition from an AMC regime to
an eddy-dominant regime. This transition is effectively characterized by the local Rossby number (Ro): Ro decreases rap-
idly with weak eddy forcing but becomes less responsive to further increases in eddy strength once the system enters the
eddy-dominant regime. We further explore how the Hadley cell responds to equatorial thermal perturbations of varying
width. In the AMC regime, narrow thermal forcing contracts the Hadley cell, while broader thermal forcing promotes pole-
ward expansion. In contrast, in the eddy-dominant regime, the system responds more linearly to thermal forcing, so in-
creasing the width of tropical forcing alone no longer leads to Hadley cell expansion. These results highlight the critical
role of midlatitude eddies in modulating Hadley cell variability and its sensitivity to external forcing and provide a useful
theoretical and idealized modeling framework for further exploration of eddy-mean flow interactions.
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1. Introduction

The Hadley circulation is a fundamental component of
Earth’s atmospheric general circulation, governing the large-
scale transports of energy, moisture, and momentum and
shaping both global climate patterns and regional weather
systems. It is driven by meridional gradients in solar heating
and features rising motion near the equator, where the inter-
tropical convergence zone (ITCZ) is located (Wodzicki and
Rapp 2016), and subsidence around 308N/S, marking the sub-
tropical dry zones (Held and Hou 1980; Hou 1998). Variabil-
ity in this circulation has profound implications for key
climate phenomena such as monsoons and subtropical aridity,
with direct ecological and societal impacts (e.g., see Liang and
Wang 1998; Burls et al. 2019). As a result, the Hadley circula-
tion has been extensively studied, with past studies exploring
its variability on different time scales, its responses to other
modes of climate variability, and its evolution in past and
projected future climates (Oort and Yienger 1996; Dima and
Wallace 2003; Diaz and Bradley 2004; Hu and Fu 2007; Lu
et al. 2007; Brierley et al. 2009; Ma et al. 2018; Seo et al. 2023;
Kim et al. 2023; Lionello et al. 2024).

While often depicted as a thermally driven, zonal-mean me-
ridional overturning circulation, the Hadley cell is strongly in-
fluenced by eddy activity}departures from the time mean

and/or zonal mean that play a critical role in its dynamics. A
substantial difference in Hadley cell structure was identified
between axisymmetric and nonaxisymmetric primitive equa-
tion models, presumably due to the effect of baroclinic ed-
dies (Kim and Lee 2001). Further, a large fraction of the
isentropic mass flux of the Hadley circulation does not recir-
culate within the tropics but connects continuously to the
extratropical eddy mass fluxes to form hemispheric-scale
overturning circulations (e.g., see Fig. 1 in Walker and
Schneider 2006). Eddy fluxes have been shown to substan-
tially influence various aspects of the Hadley cells, including
their strength, meridional extent, and responses to global
warming (Kim and Lee 2001; Walker and Schneider 2006;
Caballero 2007, 2008; Schneider and Bordoni 2008; Bordoni
and Schneider 2010; Kang and Lu 2012; Adam and Harnik
2013; Singh et al. 2017; Davis and Birner 2022; Hill et al.
2022; Hasan et al. 2024).

A broad spectrum of models, from axisymmetric single-
layer models to three-dimensional primitive equation models
and fully coupled Earth system models, has been used to study
Hadley cell dynamics (Maher et al. 2019). However, persistent
challenges remain in examining the role of eddies, particularly
in assessing sensitivity to varying eddy strength. Axisymmetric
models, such as the seminal frameworks introduced by Held
and Hou (1980) and Held (2000), have provided fundamental
physical insights but are unable to explicitly represent eddy
processes. In contrast, eddy effects in three-dimensional mod-
els are typically modulated indirectly by altering parameters
such as planetary radius, rotation rate, thermal forcing, or con-
vective relaxation profiles (e.g., Walker and Schneider 2006).
These adjustments, however, introduce confounding changes
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to Coriolis forces or meridional temperature gradients, com-
plicating direct comparison with Earth’s climate.

To address these limitations, intermediate approaches
have been developed that enable diagnostic modeling of
Hadley cell dynamics in idealized yet tunable frameworks,
for example, by incorporating parameterized eddies into
simplified axisymmetric models. This methodology was sup-
ported by Davis and Birner (2019), who demonstrated that
prescribing time-mean eddy tendencies in an axisymmetric
model can replicate nonaxisymmetric climate features, al-
beit within a relatively complex modeling framework. Sobel
and Schneider (2009) introduced a parameterization for
eddy momentum flux divergence in a highly idealized axi-
symmetric single-layer model and successfully reproduced
key qualitative features of the Hadley cells in general
circulation model (GCM) simulations. However, Sobel and
Schneider (2009) did not explicitly test their parameteriza-
tion against observations or systematically explore the sensi-
tivity to eddy strength. As a result, the dynamics governing the
transition from eddy-free to eddy-dominated regimes and the
behaviors of the Hadley circulation across the corresponding
spectrum of eddy forcing strengths in idealized models remain
poorly understood.

In this study, we use a minimal axisymmetric single-layer
model modified based on Sobel and Schneider (2009) to sys-
tematically investigate how eddies, originating from the mid-
latitudes, shape the dynamics of the zonal-mean Hadley cell.
Analytical results reveal that parameterized eddies flatten the
meridional gradients of zonal wind and temperature near the
equator, leading to a higher-order latitude dependence than
in the angular momentum–conserving limit. We then use nu-
merical simulations to show that the Hadley cell strengthens
and expands poleward in response to eddy forcing, consistent
with findings from more complex models and existing theory
(Caballero 2007; Schneider and Bordoni 2008). As eddy
strength increases, the model exhibits a smooth and mono-
tonic but nonlinear transition from an angular momentum–

conserving (AMC) regime to an eddy-dominated regime. Fi-
nally, motivated by the observed modulation of Hadley cell
extent by El Niño events (Oort and Yienger 1996; Seager
et al. 2003; Lu et al. 2008) and ITCZ width (Watt-Meyer and
Frierson 2019), we examine how the Hadley cell responds to
equatorial thermal perturbations across these regimes. In the
AMC regime, narrow perturbations contract the Hadley cell,
while broader ones lead to expansion. However, in the eddy-
dominant regime, the capacity to expand the Hadley cell
through wider thermal perturbations alone diminishes.

The remainder of this paper is structured as follows.
Section 2 introduces the numerical model and evaluates the
effectiveness of the parameterization with observational data.
Section 3 presents the analytical scaling behavior near the
equator in response to parameterized eddies. Section 4 de-
scribes the Hadley cell responses to parameterized eddies
of varied strength. Section 5 discusses how the Hadley
cell’s responses to equatorial thermal perturbations de-
pend on eddy strength. Finally, section 6 provides a sum-
mary and conclusions.

2. Model description

We employ an axisymmetric single-layer model on an equa-
torial b plane adapted from Sobel and Schneider (2009, 2013)
to simulate the upper troposphere.1 The model equations are

­tu 2 y(by 2­yu) 52u(­yy)H(­yy) 2 F 2 S, (1)

2­ty 1 byu 52
gH
T0

­yT, (2)

­tu 1
hDz

H
­yy 5

uE 2 u

t
: (3)

Here, u and y denote the zonal-mean zonal and meridional
components of the wind velocity, respectively, within a thin
layer of constant thickness h located just below the tropo-
pause at height H. Under the b-plane approximation around
the equator, the Coriolis force is f 5 by. Potential tempera-
ture2 u and temperature T are related by u 5 T( ps/pt)R/cp ,
where the fixed surface and tropopause pressures ps and pt
are chosen such that ( ps/pt)R/cp 5 1:6. Additional fixed param-
eters include the potential temperature difference Dz between
the surface and tropopause, the surface temperature T0, and
the thermal relaxation time t. The radiative equilibrium tem-
perature uE is prescribed as a function of latitude:

uE 5
u00 2 Dy sin

2 py
2y1

( )
if |y| , y1,

u00 2 Dy if |y| $ y1,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩ (4)

where y1 5 9439 km (;858 of latitude), consistent with the
setting in Sobel and Schneider (2009). A complete list of pa-
rameter values is given in Table 1.

The first term on the rhs of Eq. (1) represents momentum
advection by mean vertical flow, where H is the Heaviside
function; this formulation assumes that the mass injected into
the upper layer carries zero zonal momentum, and the mo-
mentum exchange occurs only in the ascending region (Esler
et al. 2000; Shell and Held 2004; Adam and Paldor 2009). The
F 5 euu represents the frictional drag, and S represents the
eddy momentum flux divergence (EMFD), parameterized as

S 5 ydH(u)sgn(y)­yu, (5)

where yd controls the magnitude of the parameterized EMFD
(see Sobel and Schneider 2009 for a detailed explanation).
The factor of 2 in the zonal wind tendency term of Eq. (2) re-
sults from the assumptions that the meridional velocities at
the upper and lower layers are equal and opposite and that
the bottom layer has the same thickness as the upper layer
(see the appendix; Xian and Miller 2008; Sobel and Schneider
2009). The model also assumes the zonal velocity in the lower

1 See also the appendix and Xian and Miller (2008) for a de-
tailed derivation of model equations.

2 The u and Tmay be better interpreted as virtual potential tem-
perature and virtual temperature, respectively, to account for the
effect of vapor buoyancy; see Yang et al. (2022).
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layer is negligible compared with that in the upper layer.3

Since the model is highly idealized, we mostly focus on the
nondimensional and/or qualitative features rather than the
specific values of velocities in interpreting the model results.

Following Sobel and Schneider (2009) and Zhang and
Lutsko (2022), we adopt a domain comprising 800 grid
points with a horizontal resolution of 39.3 km. To ensure nu-
merical stability, a second-order diffusion term that damps
small-scale perturbations, including tropical gravity waves, is
included in Eq. (2), although it is not explicitly shown. The
model employs a leapfrog time-stepping scheme and is inte-
grated over 15 model years for each simulation. Results pre-
sented in this study represent averages over the final 5 years
of integration. Hereafter, unlike the expressions in the time-
varying numerical model, all variable symbols denote tempo-
ral and zonal means without the explicit use of overbars or
brackets.

We evaluate the effectiveness of the eddy parameterization
using reanalysis data from the fifth generation European
Centre for Medium-Range Weather Forecasts atmospheric
reanalysis (ERA5; Hersbach et al. 2020). The diagnostic
EMFD,

EMFD 52
1

a cos2f
­

­f
([u*y *]cos2f)

2
1

a cos2f
­

­f
([u′y ′ ]cos2f), (6)

is treated as the ground truth and computed using hourly
wind velocity at 150 hPa during 2004–23, where [?] denotes
a zonal mean, ?̄ denotes a temporal mean, ? * denotes a de-
parture from the zonal mean, ?′ is a departure from the tem-
poral mean, and a is Earth’s radius. The diagnostic EMFD
is averaged over the entire period, March–May (MAM)
and September–November (SON), respectively, and then
compared against the parameterized EMFD obtained via
Eq. (5). Note that we focus on the equinox condition in this

study, although this parameterization is designed to be compati-
ble with cross-equatorial Hadley cells (Sobel and Schneider
2009).

As illustrated in Fig. 1, the parameterized EMFD at 150 hPa
aligns well with the diagnostic results within the Hadley cell re-
gion from 58 to 308S,4 except for the contribution from equato-
rial planetary waves, which are excluded by design and lie
outside the scope of this study. Similar comparisons are per-
formed on 200 and 250 hPa, and the results are qualitatively
the same within the Hadley cell (not shown). We focus on the
Southern Hemisphere in this comparison, where the parame-
terization performs reasonably well. Its performance deterio-
rates in the Northern Hemisphere, presumably due to the
parameterization [Eq. (5)] being incapable of dealing with
easterly zonal wind in the deep tropics and/or more complex
topography and land–sea contrasts in the higher latitudes of
Northern Hemisphere. In the absence of a compelling expla-
nation for this hemispheric asymmetry, the results presented
here may be interpreted as more applicable to Earth’s South-
ern Hemisphere.

3. Analysis of equilibrium scaling behaviors

The simplicity of the axisymmetric single-layer model
allows an analytical examination of the scaling behavior of its
equilibrated states. To do so, we neglect the time derivatives
and set the friction term F to zero. For y. 0, the model equa-
tions reduce to

y(by 2­yu) 5 u(­yy)H(­yy) 1 yd­yu, (7)

byu 52
gH
T0

­yT, (8)

hDz

H
­yy 5

uE 2 u

t
: (9)

We focus only on the model’s Northern Hemisphere to sim-
plify the mathematical derivations, and the complete solution
may be obtained based on hemispheric symmetry (u, T) or
antisymmetry (y).

TABLE 1. Values of model parameters used in this study.

Parameter Value Definition

t 37 days Thermal relaxation time
H 16 km Tropopause height
h 4 km Depth of upper-tropospheric layer
T0 300 K Reference surface temperature
Dz 60 K Vertical potential temperature stratification
Dy 50 K Radiative equilibrium equator-pole temperature gradient
u00 330 K Background tropospheric-mean potential temperature
eu 1028 s21 Background Rayleigh drag
b 2 3 10211 m21 s21 Meridional gradient of Coriolis parameter

3 This approximation does not hold strictly, as the surface veloc-
ity us, though much smaller than u, must be nonzero so the surface
friction can balance the acceleration exerted by the upper layer;
see Adam (2023) for a more physically consistent setup of bottom-
layer momentum.

4 Note that the parameterization [Eq. (5)] is designed for the
EMFD inside the Hadley cell and does not work poleward of 308S.
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We consider four representative cases: 1) the canonical
AMC regime, 2) a quasi-AMC regime with vertical momen-
tum exchange but without eddy stress, 3) a non-AMC regime
with eddy stress but without vertical momentum exchange,
and 4) a non-AMC regime including both effects. Apart from
eddy stress, the vertical momentum exchange is also exam-
ined here, as it modifies the wind and temperature profiles
in a similar axisymmetric shallow-water model in Adam
and Paldor (2010). We analyze solutions of the system for
each case and then validate the analytical results with
numerical simulations corresponding to each case (Fig. 2),
using yd 5 0.0125 m s21 for the amplitude of the parameter-
ized EMFD. Note that, except for the simplest AMC case,
an analytical solution to the model requires solving a fifth-
order nonlinear ODE. While formal solutions may be tech-
nically possible, they are difficult to interpret and provide
limited physical insight. Instead, we expand the zonal and
meridional wind components, u(y) and y(y), as power series
in y near the equator:

u 5 a1y 1 a2y
2 1 a3y

3 1 · · · , (10)

y 5 b1y 1 b2y
2 1 b3y

3 1 · · · , (11)

with a0 5 b0 5 0 from equinoctial symmetry. Note that we
are examining the Northern Hemisphere where y . 0;
therefore, a1, a3, … and b2, b4, … may be nonzero despite
that the zonal and meridional winds should be hemispheri-
cally symmetric and antisymmetric. The wind profiles for
the Southern Hemisphere may be obtained as uSH(y) 5

u(|y|) and ySH(y) 5 2 y(|y|) when y , 0. These series
are presumed valid in a neighborhood around the equator,
though similar expansions could, in principle, be constructed
around the Hadley cell edge yE. However, yE is determined by
integrating Eq. (8) and thus requires knowledge of the full
solution.

In addition to u, y , and T, our analysis also considers the lo-
cal Rossby number Ro:

Ro 52
z

f
5

­yu

by
, (12)

which quantifies the proximity of the tropical circulation to
the inviscid AMC limit and has been discussed in many previ-
ous studies of the Hadley circulation dynamics (Walker and
Schneider 2006; Kang and Lu 2012; Adam and Harnik 2013;
Hill et al. 2022).

a. The AMC regime

The angular momentum–conserving Hadley circulation has
been extensively studied (Held and Hou 1980; Lindzen and
Hou 1988; Hou and Lindzen 1992; Held 2000). A full solution
of the AMC limit of the model (yd 5 0) is given in the appen-
dix of Sobel and Schneider (2009), and we briefly summarize
the main features of the solution here. Note that Sobel and
Schneider (2009) adopted a parabolic form of uE(y), while we
prefer a sinusoidal form in this study [Eq. (4)] to avoid discon-
tinuities near the outer edge of Hadley cells.

In the AMC limit, the zonal momentum budget [Eq. (7)]
simplifies to

y(by 2­yu) 5 0, (13)

yielding the zonal wind profile uAMC(y) 5 by2/2 (see Fig. 2a)
and a local Rossby number Ro 5 1 throughout the Hadley
cell. Given uAMC(y), Eq. (8) can be integrated to obtain the
corresponding meridional temperature profile, TAMC(y),
which can then be substituted into Eq. (9) to derive yAMC(y).
While we do not write out the full expressions here, we note,
for reference, that TAMC(y)5 C0 2 C4y

4 and yAMC(y); B1y1
B3y

3 1 B5y
5 1 · · ·, where the constants Bn and Cn are in princi-

ple solvable and determined by the outer boundary conditions at
the Hadley cell edge.

A closed-form expression for yAMC(y) is not available
when using a sinusoidal form for uE(y); however, we can gain
some intuition for the form of yAMC by considering Eq. (9)
and the radiative equilibrium temperature profile uE(y). First,

FIG. 1. Comparison of parameterized (gray dashed) and diagnostic (red solid) EMFD at 150 hPa in the Southern Hemisphere
(m s21 day21). The EMFD is averaged (a) annually, (b) in MAM, and (c) in SON, over a 20-yr period of 2004–23. The parameter-
ized EMFD is calculated based on Eq. (5) with yd 5 1.5 m s21, and the diagnostic counterpart is calculated based on Eq. (6).
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B1 is set by the difference between the radiative equilibrium
temperature at the equator TE(0) and the actual temperature
at the equator TAMC(0), i.e., B1 ~ TE(0) 2 TAMC(0). Once
non-AMC factors are included in the model, the flatter tem-
perature profile with a lower T(0) requires a larger y , as will
be shown in the following analysis. Second, the fifth-order
term B5y

5 in yAMC comes from the integration of the differ-
ence between the fourth-order terms in TAMC(y) and the Tay-
lor expansion of uE(y), while the cubic term (also other
higher-order terms) originates solely from the correspond-
ing term in uE(y) and is largely insensitive to other model
parameters.

b. Effect of vertical momentum exchange

When the deceleration due to vertical momentum transport
is included, Eq. (13) becomes

byy 5 y­yu 1 u­yy : (14)

Substituting the power series expansions for u(y) and y(y)
gives

b1by
2 1 · · · 5 2a1b1y 1 (3a1b2 1 3a2b1)y2 1 · · · : (15)

Equating the coefficients of like powers of y yields a1 5 0 and
a2 5 b/3. The zonal wind profile therefore becomes

u(y) 5 1
3
by2 1 · · · , (16)

indicating that while the vertical momentum transport re-
duces the magnitude of u(y), it preserves its quadratic depen-
dence on latitude. The temperature profile likewise retains
the form T(y) ; C0 2 C4y

4, though with altered coefficients.
The slightly weaker winds imply a flatter temperature gradi-
ent, so while y retains the same form as in the AMC limit, its
amplitude is slightly larger at a given latitude to compensate
for the increased thermal transport demand. From our solu-
tion for u(y), the local Rossby number Ro 5 2/3, compared to
unity in the canonical AMC case. As a validation, Fig. 2c
demonstrates that the zonal wind profile from the numerical
solution goes as by2/3 rather than by2/2 near the equator. The
ratio of 2:3 between u(y) in these two cases is consistent with
the leading-order scalings in Adam and Paldor (2010), where
the vertical momentum advection is enabled/disabled in an
axisymmetric shallow-water model.

This result does not extend across the entire ascent region
(­yy . 0), since it relies on the validity of the leading-order
approximation y ; b1y, which breaks down near the half-
width of the Hadley cell (roughly where ­yy 5 0). Away from
the ascent region, the flow is supposed to retain angular mo-
mentum conserving, with its meridional profile features a
shifted AMC-like parabola (not shown).

c. Effect of parameterized eddies

When the parameterized EMFD is included, Eq. (13)
becomes

byy 5 (y 1 yd)­yu: (17)

FIG. 2. Simulated zonal-mean zonal and meridional winds for (a),(b) a canonical AMC regime, (c),(d) a quasi-AMC regime including
vertical momentum exchange, (e),(f) a non-AMC regime with eddy stress but without vertical momentum exchange, and (g),(h) a non-
AMC regime including both eddy stress and vertical momentum exchange. The eddy parameter in (e)–(h) is set as yd 5 0.0125 m s21.
The dotted curves in (a), (c), (e), and (g) are quadratic and cubic references indicated by the respective legend, and the gray dotted lines
in (f) and (h) denote y 5 yd. Note that the orange dotted curves in (e) and (g) are obtained by translating the graph of u 5 by2/2 and
u5 by2/3, respectively. The meridional wind profile in (b) is repeated in (d), (f), and (h) as gray curves for an easier comparison.
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Substituting the power series expansions gives

b1by
2 1 · · · 5 a1yd 1 (2a2yd 1 a1b1)y

1 (3a3yd 1 a1b2 1 2a2b1)y2 1 · · · : (18)

Equating coefficients of like powers of y yields a1 5 0, a2 5 0,
and a3 5 b1b/3yd. Consequently, the zonal wind profile
becomes

u(y) 5 b1b
3yd

y3 1 · · · : (19)

So, the zonal wind now increases with the cube of latitude,
rather than quadratically. This scaling, in turn, implies a me-
ridional temperature profile of the form T(y) ; C0 2 C5y

5.
These results indicate that parameterized eddies substantially
alter the scaling behavior of both velocity and temperature
fields, resulting in weaker meridional gradients near the equa-
tor. As discussed in the AMC case, despite remaining unde-
termined due to the absence of outer boundary conditions,
the coefficient b1 in y(y) becomes larger because of a weaker
meridional temperature gradient. The y(y) will also have a
term going as y6 from the equilibrated temperature profile
T(y), as opposed to y5 in the eddy-free regime.

The cubic dependence of u(y) is expected to hold only in
the vicinity of the equator. The local Rossby number Ro 5

­yu/by ; b1y/yd is zero at the equator and then increases with
latitude, suggesting a gradual transition toward the AMC re-
gime, where the zonal wind regains its quadratic form when y

is much larger than yd. For convenience, we define a critical
latitude5 yc where y 5 yd. Poleward of yc where y .. yd, or
where horizontal advection dominates over parameterized
eddy forcing, u(y) transitions from cubic back to quadratic de-
pendence as the flow transitions to the AMC regime. Our nu-
merical simulation with nonzero yd confirms this behavior:
Zonal wind follows a cubic profile near the equator and tran-
sitions to a quadratic one beyond yc, which serves as an effec-
tive radius of convergence for Eq. (19) (Figs. 2e,f). As yd
approaches zero, yc shifts equatorward, yielding a smooth
transition to a purely quadratic regime. In the next section,
we will see the region of cubic fitting expands poleward as yd
increases.

d. Combined effect of vertical transport and
parameterized eddies

When both vertical momentum transport and parameter-
ized eddies are included, the steady-state momentum equa-
tion for y. 0 becomes

byy 5 y­yu 1 u­yy 1 yd­yu: (20)

Substituting the power series expansions yields

b1by
2 1 · · · 5 a1yd 1 (2a2yd 1 2a1b1)y

1 (3a3yd 1 3a1b2 1 3a2b1)y2 1 · · · : (21)

Once again, we obtain a1 5 0, a2 5 0, and a3 5 b1b/3yd, and
therefore,

u(y) 5 b1b
3yd

y3 1 · · · , (22)

which is formally identical to the case with parameterized
eddies alone. However, the coefficient b1 will differ be-
tween the two cases: The additional vertical momentum
transport will weaken the zonal wind and strengthen the
meridional wind, consistent with the behavior observed
in the eddy-free regime. The zonal wind profile from the
simulation again shows a near-equatorial cubic depen-
dence that transitions to a quadratic profile farther pole-
ward, though with slightly reduced amplitude (Figs. 2g,h;
cf. Figs. 2e,f).

Comparing the four cases above, the parameterized eddies
substantially alter the scaling of the zonal wind from quadratic
to cubic near the equator, while the inclusion of vertical mo-
mentum transport does not affect the scaling behavior, re-
gardless of whether eddy forcing is present. This supports the
conclusion}borne out in our simulations and in Sobel and
Schneider (2009)}that Hadley cell dynamics are less sensitive
to vertical momentum exchange than to parameterized ed-
dies. Notably, even very weak eddies (small yd) reduce the
Rossby number Ro from 1 (or 2/3) to nearly zero at the
equator. Away from the equator, Ro increases to a maxi-
mum in the center of the cell and then returns to zero at the
cell edge where the zonal wind reaches maximum. Its maxi-
mum, along with the meridional slope of Ro near the equa-
tor, decreases as yd increases, as will be shown in the
following section.

4. Simulated effects of varying eddy strength

We now examine the effects of varying the parameterized
eddy strength on the simulated Hadley circulation. These sim-
ulations allow us to investigate aspects of the flow we were
unable to solve for analytically (e.g., the Hadley cell width
and strength).

The axisymmetric single-layer model simulations are con-
ducted with yd varying from 0 to 2.5 m s21, and this set of sim-
ulations sufficiently covers Earth’s eddy strength (see Hill
et al. 2025), as indicated by the analysis of Rossby number
later in this chapter. The resulting zonal wind u, meridional
wind y , and temperature T are shown in Fig. 3 as functions of
latitude. The zonal wind u within the Hadley cell is deceler-
ated by the negative parameterized EMFD. Meanwhile, the
meridional wind y , which represents the strength of the
Hadley cell, increases as the additional eddy-induced decel-
eration in the tropics must be balanced by Coriolis accelera-
tion [byy in Eq. (1)] in the zonal direction (Fig. 3b). If we
define Hadley cell edge yE as the latitude where u reaches

5 Note that this yc does not refer to the latitude of Rossby wave
breaking or absorption where zonal wind speed matches the phase
speed. Under the current eddy parameterization, the eddy mo-
mentum flux is assumed to extend to the equator.
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its maximum6 and y drops to zero, then the EMFD is pa-
rameterized in a way of being positive (zonal deceleration)
equatorward of yE and negative (zonal acceleration) pole-
ward of yE [see Eq. (5)]; in other words, EMFD acts to ex-
tend the Hadley cell poleward (Figs. 3a,b). The maximum
zonal wind u(yE) decreases because a larger Coriolis force
at higher latitudes requires a smaller zonal velocity to keep
geostrophic balance, provided the temperature gradient at
yE does not increase too much.7 These responses in Hadley
cell strength and extent are qualitatively consistent with re-
sults from more complex models (e.g., Kim and Lee 2001;
Walker and Schneider 2006; Bordoni and Schneider 2010;
Singh et al. 2017), further validating the ability of this simple
single-layer model to capture Hadley cell responses to mid-
latitude eddies.

The equator-to-pole temperature gradient decreases as the
eddy strength decreases (Fig. 3c), though we note that eddy
heat transport is not explicitly included in the model equa-
tions and gravity waves are absent in the equilibrium state.
This weakening of the equator-to-pole temperature gradient
is primarily driven by the strengthening Hadley cell, which
enhances ascent in the lower latitudes and transports low-
entropy air from the bottom layer [Eq. (3)]. The resulting
flattened temperature profile in the tropics suggests poten-
tial implications for the relationship between the weak tem-
perature gradient (WTG) approximation (Sobel et al. 2001)
and midlatitude eddies, though further exploration of this
connection is beyond the scope of this study (see a relevant
discussion in Held 1999).

As eddies become more influential, the profile of u deviates
further from the AMC limit (black dotted curve in Fig. 3a).
Note that the AMC limit cannot be fully reached even when

yd 5 0 due to the effects of Rayleigh drag, vertical momentum
transport, and unresolved eddies (e.g., numerical diffusion for
stability). This deviation from the AMC limit is quantified by
the local Rossby number Ro 5­yu/by. Figure 4a shows Ro as
a function of latitude for all values of the eddy parameter yd.
As eddy strength increases, Ro decreases throughout the
Hadley cell, with its maximum value, marked by colored dots,
dropping from approximately 0.9 to 0.1. Notably, the maxi-
mum Ro aligns with the latitude of maximum y , defined as
ym, regardless of eddy strength. When yd is small, Ro peaks
where vertical momentum transport vanishes (i.e., where ­yy
changes sign). As yd increases, assuming vertical transport
and Rayleigh drag are negligible, the zonal momentum
balance,

y(by 2­yu) ’ yd­yu, (23)

yields the approximation

Ro ’
y

y 1 yd
, (24)

confirming that Ro peaks at ym, the latitude where y peaks.
We now use the maximum Ro to quantify the overall

strength of eddy stress within the Hadley cell. As the pa-
rameterization factor yd increases, the maximum Ro de-
creases, but this relationship is highly nonlinear: The reduction
in Ro for yd increasing from 0 to 0.05 m s21 is nearly the same
as that for yd increasing from 0.05 to 2.5 m s21 (Fig. 4b). The
Ro is highly sensitive to yd when parameterized eddies are
weak (AMC regime), where the dominant balance is

byy ’ y­yu: (25)

As eddy effects become dominant (eddy-dominant regime),
Ro becomes less sensitive to yd, with the dominant balance
shifting to

byy ’ yd­yu: (26)

FIG. 3. Simulated zonal-mean (a) zonal wind, (b) meridional wind, and (c) temperature as functions of latitude. Darker color indicates
stronger eddy strength. The dotted curves in (a) represent the AMC limit u5 by2/2 (black) and u; y3 fitting for yd 5 2.5 m s21 (red), re-
spectively. The black solid curve in (c) represents the radiative equilibrium temperature uE [Eq. (4)].

6 Note that Menzel et al. (2024) suggest the relationship be-
tween the subtropical jet and Hadley cell is nuanced, as their vari-
ability is not necessarily coupled in realistic climate or more
complex models.

7 For a parabolic uE,­yT(yE) increases faster and roughly balan-
ces the change of Coriolis parameter and u(yE) remains largely
unchanged.
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Note that the nonlinear advection in the AMC regime [the rhs
of Eq. (25)] is replaced by linear EMFD in the eddy-dominant
regime [Eq. (26)]; therefore, the AMC and eddy-dominant re-
gimes may also be classified as nonlinear and linear regimes,
respectively. We will come back to this distinction in the next
section. The transition between these regimes occurs around
Ro 5 0.5, where the governing momentum balance returns to
the form of Eq. (23). Alternatively, defining the regime transi-
tion using the cell-mean Ro (Hill et al. 2025) yields qualita-
tively similar results (not shown).

The nonlinear relationship between the maximum Ro and
yd suggests a possible power-law scaling of the form Ro; ysd
with s , 0 (Fig. 4b). Fitting the simulated maximum Ro
against yd in log–log space yields scaling exponents of approx-
imately s ’ 20.26 at smaller yd and s ’ 20.41 at larger yd
(Fig. 4c), corresponding roughly to the AMC and eddy-
dominant regimes discussed above. To interpret these scal-
ings, we analyze the leading-order behavior of u, y , and T
near the equator, although a full analytical solution across
the entire Hadley cell remains unavailable.

Suppose that in the eddy-dominant regime, the leading-order
approximations are y(y) ; b1y and u(y) ; b1by

3/3yd (see
section 4), although higher-order terms become nonnegli-
gible before reaching ym. Assuming yE 5 2ym, the leading-
order approximation for the maximum local Rossby number
is Ro ; b1ym/yd 5 b1yE/2yd, and we seek to express b1 and
yE in terms of yd. To proceed, we integrate the temperature
profile to obtain

T(y) ; C0 2 C′
5
b1
yd

y5, (27)

where C′
5 represents a combination of known constants. For

simplicity, we consider only the leading-order approximation
of the radiative equilibrium temperature,

TE(y) ; C(0)
E 2 C(2)

E y2, (28)

where C(0)
E and C(2)

E are also the known constants. We assume
T(y) matches TE(y) at both ym and yE, an approximation

borrowed from the equal-area model (Lindzen and Hou
1988), and the ascent branch is as wide as the descent one,8

i.e., yE 5 2ym, then we are able to obtain

b1
yd

5 ay23
E (29)

and

C0 52gy2E 1 C(0)
E , (30)

where a 5 24C(2)
E /31C′

5 and g 5 C(2)
E 2 aC′

5 are the known
constants. From Eq. (9), we also notice that

b1 ~ TE(0) 2 T(0) ; C(0)
E 2 C0 5 gy2E: (31)

Combining Eqs. (29) and (31) yields b1 ; y2/5d , yE ; y1/5d , and
thus, the maximum local Rossby number scales as

Ro ; b1yE/2yd ; y22/5
d : (32)

Similarly, in the AMC regime, assuming u(y) ; b1by
2/yd and

repeating the derivation, we obtain b1 ; y1/2d , yE ; y1/4d , and
Ro; y21/4

d : These are in close agreement with the simulated
maximum Ro scalings of y20:41

d and y20:26
d in the eddy-dominant

and AMC regimes, respectively (Fig. 4).
This decrease of Ro sensitivity to parameterized eddy

strength in the eddy-dominant regime is also seen in Adam
and Harnik (2013), where the EMFD is represented more
simply as a Newtonian drag, suggesting this varied sensitivity
could be an intrinsic feature of the Hadley cell dynamics re-
gardless of the specific representation of EMFD. Whether
this change of sensitivity can be reproduced in models of

FIG. 4. (a) The local Ro as a function of latitude, with darker color indicating stronger eddy strength. (b) The maximum Ro, shown by
solid dots in (a), as a function of increased eddy parameter yd. (c) As in (b), but in a log–log coordinate. The slope of the trend line in
(c) is20.26 (orange) and20.41 (red).

8 This is valid in our model and confirmed with the numerical
simulations but may not hold for moist cases where the ascent
branch is narrower than the descent one.
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different complexity remains an open question for future
studies.

5. Hadley cell responses to tropical thermal
perturbations

The response of the Hadley cell to tropical thermal per-
turbations has attracted considerable attention, largely due
to the influence of the equatorial cold tongue and El Niño/
La Niña events (e.g., see Oort and Yienger 1996; Amaya
et al. 2018; Seo et al. 2023). Axisymmetric models have
been widely used to investigate the Hadley cell’s response
to concentrated equatorial warming (Lindzen and Hou
1988; Hou and Lindzen 1992) and cooling (Adam 2023), al-
though the role of midlatitude eddies remains largely unex-
plored. Moreover, while both El Niño and projected global
warming involve enhanced tropical temperatures, their impacts
on the Hadley circulation differ: El Niño, characterized by nar-
rower warming, tends to contract the Hadley cell, whereas
broader warming under climate change is accompanied by Had-
ley cell expansion (Lu et al. 2008). Tandon et al. (2013) found a
consistent dependence of Hadley cell contraction or expansion
on forcing width in GCMs; however, whether this dependence
can be captured in an axisymmetric framework, and how it
might be modulated by eddies of varying strength, remains an
open question.

To address this question, we examine the impact of tropical
thermal perturbations of varying width on Hadley cell con-
traction and expansion, considering how different strengths of
parameterized midlatitude eddies modulate these responses.
We introduce a thermal perturbation u′E superimposed on
the radiative equilibrium temperature profile uE. The u′E(y)
has a functional form same as uE(y) but is narrower in lati-
tude and weaker in magnitude (Fig. 5a). The zonal wind
profile without perturbation (black solid curve) and the
wind response to the specific perturbation in Fig. 5a (gray
dotted curve) are shown in Fig. 5b. In this case, the maxi-
mum wind response occurs equatorward of the background
wind maximum (gray arrow in Fig. 5b), effectively contract-
ing the Hadley cell.

To systematically explore this behavior, we conduct simula-
tions across a wide range of eddy strengths and thermal per-
turbation widths. For each case, we calculate the latitudinal
difference between the maxima of wind response and back-
ground wind}negative values indicating contraction and
positive values indicating expansion}and plot the results in
Fig. 6 as functions of eddy strength (represented by the maxi-
mum Ro of the background zonal wind profile) and half-
width of the thermal perturbation. When eddy effects are
weak (Ro ; 1), narrow perturbations contract the Hadley
cell, whereas broader perturbations lead to expansion, con-
sistent with the observed contrast between El Niño and
global warming. However, as eddy influence strengthens
(Ro " 0), the ability to expand the Hadley cell by broaden-
ing the thermal perturbation diminishes. This stark contrast
between the AMC and eddy-dominant regimes underscores
the role of midlatitude eddies in reshaping tropical forcing
effects.

To explain the model’s dependence on eddy strength in re-
sponding to equatorial thermal perturbations, we conceptual-
ize the single-layer model as a function F that maps a given
radiative equilibrium potential temperature profile u [subscript
“E” is omitted, and boldface u is used to emphasize an array in
latitude instead of u(y) for simplicity] to a meridional zonal
wind profile u (ignoring y and T for now), i.e.,

u 5 F(u): (33)

The anomalous zonal wind response u′ to a thermal perturba-
tion u′ can then be expressed as

u′ 5 F(u 1 u′) 2 F(u) (34)

5 F(u′) 1 {F(u 1 u′) 2 [F(u) 1 F(u′)]}: (35)

FIG. 5. (a) The profile of radiative equilibrium potential temper-
ature uE [Eq. (4)] in black and the applied thermal perturbation u′E
in red. The u′E shares the same functional form as uE but has differ-
ent scales; in this case, the amplitude [equivalent to Dy in Eq. (4)]
is 5 K and the half-width d (equivalent to y1) is 103 km. (b) The
background zonal wind without perturbation (solid) and the wind
response to the thermal perturbation in (a) (dotted). The left and
right vertical axes are for background wind (solid curve) and wind
response (dotted curve), respectively. The vertical dotted lines indi-
cate the latitudes of the curves’ maxima. The yd 5 0.05 m s21 in
this example.
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The degree of nonlinearity is formally quantified as

NL :5 F(u 1 u′) 2 [F(u) 1 F(u′)]: (36)

In the eddy-dominant (or linear) regime, where nonlinear
momentum advection}the primary source of model non-
linearity}is relatively weak, the nonlinear term can be
neglected:

u′ ’ F(u′): (37)

Since u and u′ share the same functional form and differ only
in scale, F(u′) peaks equatorward of F(u) as long as u′ is nar-
rower than the background profile u, meaning that the zonal
wind anomaly u′ contracts the Hadley cell. Conversely, in the
AMC (or nonlinear) regime, where the nonlinear term NL can
no longer be neglected, it becomes possible for a perturbation
u′ narrower than the background u to generate a zonal wind
anomaly u′ that is wider than the background wind u, thereby
expanding the Hadley cell poleward.

To illustrate this mechanism, we evaluate four representative
cases spanning weak versus strong eddy forcing (yd 5 0.0125 vs
0.5 m s21) and narrow versus broad perturbation scales (half-
width d 5 103 vs 5 3 103 km), as shown in Fig. 7. These cases
are marked by filled red dots in Fig. 6. Figure 7 presents the
background zonal wind profile u (black solid curve) and the
wind response u′ (gray dotted curve) for each case, analogous
to Fig. 5b but under different eddy strengths and perturbation
widths. The linear component of the wind response, F(u′), is

also simulated and plotted as a red dotted curve. We further
calculate ydiff as the latitudinal difference of the peaks of full re-
sponse u′ and linear response F(u′), with larger ydiff represent-
ing stronger nonlinearity.

In the AMC regime, the full wind response u′ deviates sub-
stantially from the linear response F(u′), with the latitudinal
difference of their peaks ydiff being 7.88 and 8.78 for narrow
and broad perturbations, respectively (Figs. 7a,b). Nonlinear-
ity [Eq. (36)] effectively shifts F(u′) poleward (cf. gray and
red dotted curves), and when the perturbation is broad
enough (but still narrower than the background temperature
profile), the full response u′ can exceed the width of the back-
ground wind profile, expanding the Hadley cell}even when
the linear response alone would suggest contraction (Fig. 7b).
In contrast, in the eddy-dominant regime, as predicted, nonli-
nearity is weak, and the profiles of u′ and F(u′) closely match in
both shape and latitude of their maxima (Figs. 7c,d; ydiff 5 2.88
and 3.18, respectively, much smaller than in AMC regime). As a
result, the full wind response u′ still contracts the Hadley cell
in both cases. Overall, the modeling results support our theo-
retical framework that explains why tropical forcing has differ-
ent impacts depending on the dynamical regime of the Hadley
circulation.

A natural question arises: Why does the model’s nonlinear-
ity tend to amplify, rather than dampen, the Hadley cell’s
expansion in response to tropical heating? Although a mathe-
matically rigorous derivation is challenging, we offer a ten-
tative but physically intuitive interpretation. The source
of nonlinearity, i.e., the horizontal momentum advection
(2y­yu), acts to decelerate the zonal flow, with the strongest
deceleration occurring near the center of the Hadley cell,
where both y and ­yu are largest. Outside the Hadley cell,
where y diminishes, this nonlinear damping becomes negligi-
ble (see Fig. 3, particularly for small yd). Consequently, a hy-
pothetical uniform increase in u would be preferentially
damped within the Hadley cell interior but largely preserved
outside it, effectively shifting the circulation poleward and
leading to an apparent expansion.

One might argue that because stronger eddies both weaken
the model’s nonlinearity and widen the Hadley cell, it is the
cell’s width rather than its nonlinearity that enables narrow
equatorial thermal forcing to expand the circulation. To test
this possibility, we conducted simulations without parameter-
ized eddies but varied the equator-to-pole temperature differ-
ence Dy from 50 to 85 K, thereby shifting the Hadley cell
poleward while keeping it in the AMC (nonlinear) regime. In
these experiments, the Hadley cell expanded in response to
broad heating perturbations regardless of its initial width (not
shown). We therefore conclude that the widening of the initial
Hadley cell does not directly explain the changing sensitivity
to equatorial thermal perturbations; instead, the key factor is
the decay of model nonlinearity as yd increases.

6. Summary

This study investigates how the Hadley cell responds to
midlatitude eddy momentum fluxes and equatorial thermal
perturbations using an idealized axisymmetric single-layer

FIG. 6. The latitudinal difference between the maximum zonal
wind response u′ and background zonal wind profile u, with posi-
tive values indicating the zonal wind response u′ expanding the
Hadley cell poleward. The x axis denotes the maximum Ro of the
background wind profile and is oriented such that values decrease
to the right, emphasizing the strengthening of eddy stress in this di-
rection. The y axis denotes the half-width of the thermal perturba-
tion. The example in Fig. 5 is marked by the empty red circle. The
filled red dots mark the four cases to be discussed below, with the
adjacent letters labeling the corresponding panels in Fig. 7.
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model with parameterized eddy forcing. By combining ana-
lytical techniques with numerical simulations, we reveal how
eddy momentum flux divergence systematically modifies the
meridional structure of the tropical circulation and alters the
Hadley cell’s sensitivity to equatorial thermal forcing.

We begin by analyzing themodel’s equilibrium scaling behavior.
Without parameterized eddies, the zonal wind follows a quadratic
profile with latitude, consistent with the angular momentum–

conserving (AMC) regime. Vertical momentum transport re-
duces the wind amplitude but preserves the quadratic form. In
contrast, parameterized eddies introduce a cubic dependence
near the equator, with weaker temperature gradients and a

critical latitude beyond which the flow reverts to quadratic
scaling. Importantly, the cubic dependence induced by param-
eterized eddies holds regardless of the presence of vertical
momentum transport.

We then explore how the Hadley cell evolves across a wide
range of eddy strengths. As the eddy forcing increases, the
zonal wind weakens, the meridional flow intensifies, and the
cell expands poleward. These changes are effectively captured
by the local Rossby number (Ro), which serves as a compact,
physically meaningful metric for tracking the relative impor-
tance of eddy effects. Ro decreases as eddy strength increases
and characterizes the system’s transition from AMC (Ro ; 1)

FIG. 7. The zonal wind profiles without equatorial thermal perturbation [F(u), black solid curves] and zonal wind
responses to thermal perturbations [F(u 1 u′)2 F(u), gray dotted curves] for different combinations of eddy strength
and perturbation width: (a) yd 5 0.0125 m s21 and d 5 103 km, (b) yd 5 0.0125 m s21 and d 5 5 3 103 km,
(c) yd 5 0.5 m s21 and d5 103 km, and (d) yd 5 0.5 m s21 and d5 53 103 km. See Fig. 6 for the distribution of these
combinations in the Ro–d phase space. The red dotted curves show the model results for equatorial thermal perturba-
tions only [without background radiative equilibrium temperature, i.e., F(u′)]. The left and right vertical axes are for
background wind (solid curves) and wind response (dotted curves), respectively. The vertical dotted lines show the lati-
tudes of maximum background zonal winds.
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to eddy-dominant (Ro; 0) regimes. This transition is smooth
but nonlinear, as the maximum Ro drops sharply with initial
inclusion of weak eddies in the AMC regime but later be-
comes less sensitive to yd in the eddy-dominant regime. This
nonlinear behavior is characterized by a negative power scal-
ing relationship between maximum Ro and yd, confirmed by
numerical simulations and analytical derivations.

Finally, we examine how tropical thermal perturbations of
varying meridional widths affect the Hadley cell under differ-
ent eddy regimes. In the AMC regime, narrow perturbations
contract the Hadley cell, while broader ones promote pole-
ward expansion}behavior that aligns with the apparent con-
trast between El Niño–induced contraction and projected
Hadley cell expansion under global warming. In the eddy-
dominant regime, however, the response becomes nearly lin-
ear, and broadening the thermal forcing alone is insufficient
to induce expansion. This contrast is explained through a de-
composition of the model response: Nonlinearity in the AMC re-
gime allows narrow forcing to generate a broad wind anomaly, a
mechanism that might be suppressed when eddies dominate.

This study offers a minimal yet dynamically rich framework
for understanding Hadley cell responses to both midlatitude
eddies and equatorial forcing. While our focus is on equinox
conditions, the seasonal cycle and its influence on eddy stress
and momentum budgets is a natural extension for future work
(Vimont et al. 2001; Simpson et al. 2014; Hill et al. 2021, 2022,
2025). Although our power series method is confined to the
equatorial region, the results provide a solid theoretical basis for
further exploration of Hadley cell dynamics across diverse pa-
rameter regimes. Additionally, our model omits eddy heat trans-
port, influence of surface zonal wind, and explicit wave dynamics
yet instead relies on a simple parameterization of the eddy mo-
mentum flux proportional to the subtropical wind speed. While
this idealization facilitates analytical progress, future work may
benefit from more physically grounded representation of eddy
momentum and heat flux, for example, informed by careful in-
spection of eddy phase speed cospectra (e.g., see Moon and Cho
2020; Lorenz 2022; Adam 2023; Moon andWettlaufer 2025).

Our model results suggest that in an eddy-dominant re-
gime, it is difficult for a broad tropical warming perturbation
to drive Hadley cell expansion. This stands in contrast to pro-
jections of global warming, which also feature enhanced tropi-
cal temperatures but are nonetheless robustly associated with
Hadley cell expansion (e.g., see Korty and Schneider 2008;
Vallis et al. 2015; Chemke and Polvani 2019). One possible
reason for this discrepancy is that our simplified model does
not account for the eddy feedback due to changes in baro-
clinic instability or subtropical static stability, which has been
proven to be important in the Hadley cell response to tropical
heating in a three-dimensional GCM (Sun et al. 2013). How
to incorporate such midlatitude changes and reconcile them
with the present framework remains an open question.
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APPENDIX

Derivation of the Meridional Momentum Equation

Here is a brief derivation of Eq. (2), adapted from Xian
and Miller (2008). Ignoring the advection term, the meridio-
nal momentum equation is

­y *

­t
52fu* 2

­F

­y
, (A1)

where the notations u* and y * represent general winds at any
altitude, as opposed to u and y for the upper layer. To intro-
duce temperature, we apply ­/­z* to the above equation where
z* is pseudoheight:

z* 5
RT0

g
ln

p
ps

( )
, (A2)

where T0 is reference surface temperature. Note that

dz* 5
RT0

g
d(lnp), (A3)

and from hydrostatic balance, the differential of true height is

dz 5
RT
g

d(lnp), (A4)

then the original equation becomes

­2y *

­t­z*
52f

­u*

­z*
2

­

­y
­F

­z
­z
­z*

( )
52f

­u*

­z*
2 g

­

­y
T
T0

( )
: (A5)

We then integrate the above equation from 0 toH:

­

­t
[y *(H) 2 y *(0)] 52f [u*(H) 2 u*(0)] 2 g

T0

­T
­y

, (A6)

where T is the vertically average temperature. The model as-
sumes that the meridional velocities at the upper and bottom
layers are equal and opposite, and the bottom layer has the
same thickness as the upper layer. Also, we consider
u*(H).. u*(0) and assume a fixed lapse rate of the tropo-
sphere; then, the equation becomes

­

­t
[y 2 (2y)] 52f (u 2 0) 2 g

T0

­T
­y

, (A7)

2
­y

­t
52fu 2

g
T0

­T
­y

: (A8)

The final form is used in the axisymmetric model in this study.
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